
實變函數論─應用數學系  吳培元老師 

 

 1

Class 47 

   
  

 
 
 

 

Thm. ,  normed spaces.
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Thm.  normed space,  Banach space

       , ,  Banach space

    Pf.:   Let ,  be Cauchy.
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          (3)  in  (i.e., conv. unif. on unit disc)

               0,    ,

                                 ,

              Let   

               

n

m n

m n m n

n

T T

N m n N T T

T x T x T T x x m n N

m Tx T x

 




 

       

        

 



                 

                              i.e., 0 as 

n

n

T T n N

T T n

    

  

 

 
     

Def.  Banach space

                  (1) within: associative law

       ,              (2) with : distributive law

                                          (3) with  : 
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                                    (4) with : 

    Then  Banach algebra

Ex.1.  compact (metric) space,

         Then  Banach algebra (with pointwise multiplication)

         Pf: 
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     Note: commutative

Ex.2.  Banach space.

         Then B  Banach algebra (with composition: )

         Pf:   ( )   

         Note: non-commutative 

Note: There's more struct
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ure to it: conjugate.

         -algebra, von Neumann algebraC
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Homework: 

Sec. 4.4.

Ex. 4.4.6~8

Ex.3. R  with  (convolution) (Ex. 4.4.10)

         Then Banach algebra. 

         Pf: 

Note. commutative

Three main results of functional analysis

nL f g x f x y g y dy

f g f g

  

  

�

:

(1) Uniform bddness principle
: need completeness.

(2) Open mapping thm

(3) Hahn-Banach thm: need convexity.
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Sec. 4.5. Principle of uniform bddness (Banach-Steinhaus Thm)

       Thm.  Banach space,  normed space.

               :  bdd operators.

               If ,   bdd, then  bdd.
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Assume contrary.

   (i) Fix ,  & 1  , ,   1.

        conti.

      1 on some , ,  &  1.

  (ii) For ,  & 2  
"Pointwise bdd to local bdd"
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Pf. 2. (Ex. 4.5.1)

         (Use category thm) (due to S.Saks) in the paper of Banach-Steinhaus. (1927)
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   Note: The same argument applies to " ,  bdd  bdd,  where  2nd category".

         Pf. 3. Gliding hump method (Hahn, 1922)
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